
 

MATH 2028 Multiple Integrals on rectangles

GOAL Define the Riemann integral f f Tor
R

a multi variable function F R IR defined on

a rectangle REER study their basic properties

Recall Integration of f Ca b R

n y fCx
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Idea Approximation by rectangles from above

and below then take a limit

Remark This idea works in any dimension

as long as we know how to define the

volume of a rectangle in IR



Def't A subset R E B is a rectangle if

R ai b x az.bz x x an bn

for some real numbers Ai s bi i I n

The volume of a rectangle R is define as

Vol R a bi A ba Az bn Au

To carry out the approximations we need to

partite a rectangle REIR into small sub

rectangles We first do it for n 1 where

the notations are much simpler
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i i Note For AN partition P
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partition P



Def'd Let R Ca b x Canbn E R

Suppose there is a partition of each Cai bi

i l n into sub intervals

Ai Xi o Xi C s Xi Ki bi

Then we say that P f Ri iz in is a

partition of R into sub rectangles

Rioja In Xi i I Xi i x X 2 iz l X z iz x

X a X xn.in I Xn in

Given any bounded f R Be we define

the upper sun and lower sum of f w r t P

respectively by a

U Cf P I sup fix Vol Ri in

µ
Ii In XE Ri in

f P I int fix Vol Ri in
Ii In XE Ri in

Remarki The sup inf exist since f is bounded



Note that the upper and lower sums of f

depends on the partition P The following

notion is useful when one wants to compare

two different partitions

DEI Let P be a partition of a rectangle R

A refinement of P is another partition P'of R

S t V Q E P I Q e P s t Q E Q

Example

b b
R13 1223 1233

2,2 Xz

QRiz 1222 Rzz 442
QXz Xz

Ri Rza 1231
Az Az
Al Xi I Xin b Ai Xi Xin Xi Xiy b

a partition P of a refinement P of

R ai b x as.bz
the partition P



Easy Fact Given any two partitions P P of R

7 a partition P of R which is a refinement

for both P and P We call such P a

common refinement of P and P

Remark The set of partitions of R forms a

partially ordered set

Lemma If P is a refinement of P then

f P E L Cf P j E Ulf P'S E Ult P

Proof Write D f Q and P e f Q

From definition for each rectangle Q E P

7 Qi Qi E P s.t Q Qiu u Qr

By deft of intimum we have for 5 1 r

inf fCx Vol Qi E xienfa fCx Vol Qi
xeQ

Summing over 2 as Vol Q IE Vol Qi

IIto fix
Vol Q E II info fix Vol Qi



Summing over all Q E P we obtain

Lcf P E L Cf P

Similarly Ulf P 3 Ulf P since we have

sup fix 3 Sup fCx
XCQ x CQi D

Lemma For any partitions P P of R

Lcf P I E U Cf P's

Proof Take any common refinement P of P

and P By previous lemma

L Cf P E L Cf P'T E U Cf P'T s Ulf P's
is

This lemma implies that for any bold f R IR

we always have

Supp Lif P s inpf
Ulf P

we are mostly interested in the equality
case



Def n A bounded function f R IR is

Riemann integrable on a rectangle R E Dn

it
Supp Lif P inpf

Ulf P

The common value denoted by f IV

is called the integral of F over R

Example constant functions

et F R R be a constant function

defined on a rectangle B E B i e 7 C E IR

S 1 fox c V X E R

Then f is integrable on R and

ff du C Vol R
R

Proof For ANI partition P of R we have

C
f P Ec.pixnefafcxI.VolCQI

c.aI.pVol Q C Vol R



Similarly Ulf PJ C Vol R

Since Lcf Pj c Vol R U f P

for AIL partition P by deft f is

integrable on R with f f du C Vol R
R

D

Example A nowhere continuous function

et f Ca b B be a bold function St

f Cx f 01
if C Q n ca b

if X E Ca b IQ

Then f is NOI integrable on Ca b

Proof Recall that QI and Qc are both dense

in IR For ANI partition P of Ca b

o

f PJ c.Ipyienoffcxs.VolCQ 0

1

U f PJ 2 suffix Vol Q b a
clap c Q



Therefore

Supp
Ll f P o s b a inpf Ulf

and hence f is NIT integrable
on Ca b

b

F X Find a bold function f R EIR IR which

is NOT integrable over R


